Observation of momentum space semi-localization in Si-doped β-Ga2O3 Appl. Phys. Lett. 101, 232105 (2012) Role of the dimensionality of the [GaX]2 network in the Zintl phases EuGa2X2 J. Appl. Phys. 112, 103714 (2012) An investigation of the Young's modulus of single-crystalline wurtzite indium nitride using an atomic force microscopy based micromechanical bending test Appl. Phys. Lett. 101, 221906 (2012) Temperature and Bi-concentration dependence of the bandgap and spin-orbit splitting in InGaBiAs/InP semiconductors for mid-infrared applications Appl. Phys. Lett. 101, 221108 (2012) Additional information on J. Appl. Phys. We present a full band calculation of the doping-induced energy shifts of the conduction-band minimum and the valence-band maximum for n-and p-type GaN and AlN. Both wurtzite and zinc-blende structures have been considered. The resulting optical and reduced band-gap energies are presented as functions of the ionized impurity concentration in the heavily doped regime. The computational method is based on a zero-temperature Green's function formalism within the random phase approximation and with the local-field correction of Hubbard. The calculation goes beyond the spherical approximation of the energy bands by using energy dispersions and overlap integrals from a first-principle, full-potential band-structure calculation. Inclusion of the spin-orbit interaction is crucial for describing the uppermost valence bands properly, and we show that the nonparabolicity of the valence bands influences the energy shifts strongly, especially the shift of the optical band gap. With the full band structure, we can explain the results of photoluminescence measurements by Yoshikawa et al. ͓J. Appl. Phys. 86, 4400 ͑1999͔͒.
I. INTRODUCTION
The III nitrides are wide-band-gap semiconductor materials with low compressibility, good thermal stability, and with chemical and radiation inertness. 1, 2 The comprehensive investigations of the wurtzite ͑wz͒ structures have led to commercial optoelectronic devices like GaN-based lightemitting diodes and detectors working in the visibleultraviolet region, [1] [2] [3] as well as metal-semiconductor fieldeffect transistors. 4 As a result of the recent progress in crystal growth, one can also produce thin films of zinc-blende ͑zb͒ crystals, [5] [6] [7] which opens up for further technological applications involving III-nitride alloys. In order to design semiconductor devices properly, the effects on the semiconductor properties due to doping have to be made clear since doping can modify the band structure strongly. 8, 9 First, consider an undoped semiconductor where the Hamiltonian Ĥ 0 describes the interactions between the ions and the electrons of the intrinsic crystal. The eigenvalue problem of Ĥ 0 results in the single-electron energies E j 0 (k) for the electron states with wave vector k in the jth band.
The fundamental band gap E g 0 is the lowest energy needed to promote one electron from the valence band to the conduction band ͑not considering the excitons͒. In an n-type semiconductor, the crystal also consists of shallow donors which can be ionized thermally. However, also in the zerotemperature limit the donors are fully ionized if the dopant concentration is above the critical concentration N c for the metal-nonmetal ͑MNM͒ Mott transition. 10 The electrons associated with the ionized donors give rise to a ''gas'' of free electrons in the conduction band. The crystal electrons interact with the electron gas and the ionized donors strongly. Since the III nitrides are polar materials, these interactions are screened by the optical phonons. The additional interactions can be treated as a perturbation to Ĥ 0 , that is, Ĥ ϭĤ 0 ϩĤ 1 where Ĥ 1 is the perturbation Hamiltonian describing the additional interactions. The eigenvalue problem of Ĥ yields the single-electron energies E j (k). The energy shift E j (k)ϪE j 0 (k)ϭ⌬E j (k)ϭRe͓ប⌺ j (k,E j 0 (k)/ប)͔ is the real part of the self-energy of the electron state. Electron states in both the conduction and the valence bands ͑one needs at least one hole in the valence band to measure the band gap͒ are affected by the additional screening of the electron gas.
Normally, the self-energy of a conduction-band state is negative and the self-energy of a valence-band state is positive, thereby yielding a smaller band gap: E g ϽE g 0 . The description for n-type materials has a direct analogue for p-type materials.
In the present work, the energy shifts of the conductionband minimum and of the valence-band maximum have been calculated as functions of ionized impurity concentration for n-and p-type wz-GaN, wz-AlN, zb-GaN, and zb-AlN. The self-energies have been worked out within the random phase approximation ͑RPA͒ with a local-field correction of Hubbard. [11] [12] [13] A simple approach to incorporate the electronic structure of the intrinsic crystal ͓i.e., E j 0 (k)͔ would be to use spherical energy dispersions. Also the overlap integrals, contained in the description of the electron-electron and electron-impurity ion interactions, can be parametrized within the spherical approximation. However, in this work, we have used the full energy dispersions and the overlap integrals obtained from a relativistic, full-potential bandstructure calculation. We show that the nonparabolicity of the valence bands affects the calculated self-energies of the valence-band maximum. Moreover, in order to calculate accurately the optical band gap for semiconductors with direct band gap, it is crucial to include a full description of the uppermost valence bands. With the complete band structure we can give a reliable explanation of the photoluminescence ͑PL͒ results of wz-GaN:Si, presented by Yoshikawa et al., 14 as zero-phonon-induced recombinations of electrons in the conduction band and nonthermalized holes in the three uppermost valence bands.
Throughout the article CGS units have been employed. We have taken into account the lowest conduction band (c1) and the three uppermost valence bands ͑v1, v2, and v3, where v1 is the uppermost band͒. In cubic materials, v1, v2, and v3 correspond to heavy-hole, light-hole, and spin-orbit split-off bands, respectively.
II. COMPUTATIONAL METHOD
The employed method for calculating the self-energy is by means of the RPA 11, 12 with a local-field correction of Hubbard. 13 We have considered interactions caused by the electron-electron exchange-correlation interaction, the electron-ionized impurity attraction, and the optical-phonon screening. A zero-temperature formalism has been used and the temperature enters our model only through its capability to ionize the shallow impurities below the critical concentration for the Mott transition. Above the critical concentration the impurities are fully ionized even at zero absolute temperature. The concentration for the Mott transition has been estimated to be (1.0-1.2)ϫ10 18 cm Ϫ3 and (3.3-7.1) ϫ10
18 cm Ϫ3 in zb-GaN:Si and zb-AlN:Si, respectively.
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The distribution of the impurity ions has been shown to be of major importance for the results, 9, 16 and the present calculations are assuming a random distribution of impurities. Interactions with the nonionized impurity atoms are neglected. Since we are treating only the ionized impurities, the calculation does not depend on the choice of type of dopant atom.
The Coulomb potential v(q)ϭ4e
2 /q 2 of the electrons and the ionized impurities is screened by virtual transitions across the fundamental band gap, resulting in the screened Coulomb potential v(q)/(), where ͑͒ is the dielectric function of the intrinsic crystal ͑the lattice dielectric function͒. By including the Fröhlich's electron-optical-phonon coupling of large polarons and interpret the interaction as an additional screening of v(q), the dielectric function is becoming frequency dependent also in the low-frequency regime. 12, 17 The screened Coulomb potential comprises thereby not only the virtual transitions across the band gap, but also the electron-optical phonon scattering.
A. Self-energies
The self-energy ប⌺ j (k,) is expressed in terms of the unperturbed electron Green's function and of the testparticle-particle dielectric function ⑀ (q,) of the electron gas ͑given in Sec. II C͒. We use the RayleighSchrödinger approximation, 12 yielding
The self-energies below are derived for n-type materials, but the corresponding expressions for p-type materials can be obtained easily by treating the holes as particles and the electrons as antiparticles. This means the self-energy
The unperturbed Green's function describes the propagation of a noninteracting electron in the crystal and ⑀ (q,) describes the response of the electron gas due to a perturbation of the electron distribution. The unperturbed, timeordered Green's function is defined as
where ␦ is an infinitesimal, positive number and j (k) is the occupation number. If the cell-periodic parts u j 0 (k,r) of the Bloch functions are assumed to be slowly varying functions of r, then scattering due to the electron-electron interaction V ee can be approximated by ͗k, j;kЈ, jЈ͉V ee ͉kЈ, jЈ;k, j͘Ϸ
͑3͒
where qϭkЈϪk and ⌳ j, j Ј (k,kЈ) is the spin-independent overlap integral. The Hartree-Fock exchange interaction of the electron gas is defined as the electron-electron interaction caused by the Pauli principle. Using the approximation of Eq. ͑2͒, the exchange part of the electron self-energy is given by 8,9,12,18
where the electrostatic self-interaction of the electron ͑the second term͒ has been subtracted. In the Hartree-Fock equation, the direct Coulomb term of the electron repulsion is cancelled by treating the impurity ions as a uniform distribution of positive charges. The remaining Coulomb repulsion of the electrons is ascribed to the correlation interaction. The correlation self-energy can be written as 8, 9, 12, 18 
Finally, the self-energy from the electron-ionized donor interaction, assuming a random distribution of the ions with infinitely large masses, is given by 8, 9, 17 
The electron-donor ion interaction describes the relaxation of the electrons around the ionized donors N D ϩ and the resulting inhomogeneity of the electron gas is thus comprised here. Since the cancellation of the direct Coulomb term already has been taken into account in the correlation energy, Eq. ͑6͒ describes the self-energy from the difference in the electron density between a system with uniform distribution of the ion charges and a system of point-like ions.
B. Electronic band structure of the intrinsic crystal
The energy dispersions E j 0 (k) of the intrinsic crystals have been calculated using a full-potential linearized augmented plane wave ͑FPLAPW͒ method, within the generalized gradient approximation ͑GGA͒ to the density functional theory ͑DFT͒. A software program 19 25 and aϭ4.38 Å for zb-AlN. 26 Since the III nitrides lack inversion symmetry, the average spin-independent eigenvalues were obtained as
where ↑ and ↓ are the spin-up and spin-down-like states. More information of the electronic structure calculation of intrinsic GaN and AlN can be found in Refs. 27 and 28.
The DFT/GGA is well known to underestimate the fundamental band gap ͑see Table I͒. 7,27,29-38 However, one normally believes that the band curvatures can be described accurately by the GGA, at least for wide-band-gap semiconductors. The band curvatures of the lowest conduction band of all four crystals were found to be essentially parabolic in all direction in k space and in the energy regime of interest here. We, therefore, use ellipsoidal energy dispersions for these materials, described by the three principal effective electron masses ͑Table I͒. Our calculated effective masses are in good agreement with calculations performed by Stampfl and Van de Walle; 39 Städele et al.; 40 Vogel, Krüger, and Pollmann; 41 Park and Chuang; 42 Suzuki, Venoyama, and Yanase; 43 Ramos et al.; 44 Kim, Lambrecht, and Segall; 45 and Vurgaftman, Meyer, and Ram-Mohan. 30 In Table I we also show the corresponding measured values ͑in brackets͒.
The overlap integrals related to scattering within one and the same minimum of the lowest conduction band ⌳ c1,c1 (k,kЈ) were found to be close to 1 for a set of k and kЈ near the ⌫ point. Furthermore, it has been shown 16 that intervalley scattering between stats in different equivalent minima gives only a minor contribution to the self-energies for crystals with random distribution of impurities compared to the intravalley scattering. Intervalley scattering is, therefore, neglected in zb-AlN, which has three equivalent conduction-band minima located at the X points.
The energy dispersion of the valence-band maximum is in general very nonparabolic mainly because of the spinorbit interaction. Also, the p-like valence bands have different curvatures in different k-space directions. In Fig. 1 , the electronic structure near the valence-band maximum is shown along two symmetry directions. Moreover, due to the symmetry of the p-like eigenfunctions at the valence-band maximum, the energy bands of zb structures cannot be described by ellipsoidal functions even at the vicinity of the ⌫ point. In fact, the values of the effective hole masses at the ⌫ point depend very strongly on the k direction. In wz-GaN the nonparabolicity in the ⌺ direction is obvious for energies about 4 meV below the valence-band maximum. The uppermost valence band in wz-AlN ͑which is the crystal-field split-off band, in contrast to wz-GaN͒ is almost unaffected by the spin-orbit interaction, and therefore an ellipsoidal description of this band is sufficient. Noticeably, the valenceband maximum in zb-AlN is not at the ⌫ point if the spinorbit interaction is excluded, whereas the fully relativistic calculation yields a maximum at the ⌫ point.
The energy dispersions of the three uppermost valence bands ͓i.e., E j 0 (k), jϭv1, v2, and v3͔ have been calculated and the energy bands are represented on a mesh of about 23 000 k points in the first Brillouin zone, mainly concentrated about the ⌫ point. For calculating the doping-induced energy shift of the valence-band maximum the relevant overlap integrals are ⌳ v1,j (0,q) with jϭv1, v2, and v3. The overlap integrals are represented on the same mesh of k points as the energy bands.
C. Dielectric functions
The frequency-dependent lattice dielectric function ͑͒ is expressed in terms of the static ͑0͒ and high-frequency ͑ϱ͒ limits. The phonons involved in the screening are the longitudinal optical ͑LO͒ phonons with long wavelengths, 12, 17 approximated to have constant phonon dispersion ប LO . The lattice dielectric function for isotropic materials is then given by 12,17
͑7͒
We have employed experimental values 1 for the lattice dielectric function: ប LO ϭ92 meV, (0)ϭ9.98, and (ϱ) ϭ5.60 for wz-GaN and ប LO ϭ110 meV, (0)ϭ9.14, and (ϱ)ϭ4.84 for wz-AlN. Calculations of the phonon frequencies by Kim, Lambrecht, and Segall 46 are in close agreement with the measured values. 1, [47] [48] [49] [50] [51] The anisotropy of the dielectric function of the wz structures has been shown to be small in the materials considered here ͓ Ќ (0)ϭ9.44, ʈ (0)ϭ9.62, Ќ (ϱ)ϭ5.76, and ʈ (ϱ) ϭ5.88 in GaN, and Ќ (0)ϭ7.91, ʈ (0)ϭ8.22, Ќ (ϱ) ϭ4.53, and ʈ (ϱ)ϭ4.72 in AlN͔, 27, 47 and we therefore use the isotropic lattice dielectric functions. Moreover, we assume that the zb structures have the same lattice dielectric function as the corresponding wz structures. This assumption is supported by calculations of the optical properties of wz and zb III nitrides in Refs. 42, 46, and 52-54, and by spectroscopic ellipsometry measurements of Logothetidis et al. 50 Within the RPA, 11, 12 and with the local-field correction f(q), the testparticle-particle dielectric function of the electron gas ͑the hole gas, in the case of p-type doping͒ is related to the polarizability ␣ 0 (q,) by 8, 9, 11 ⑀͑q,͒ϭ1ϩ͓1Ϫ f͑q͔͒␣ 0 ͑ q, ͒, ͑8͒
where the summation runs over all conduction ͑valence͒ bands, which are populated by the electron ͑hole͒ gas. The free-electron ͑hole͒ concentration nϭN D ϩ (pϭN A Ϫ ) fills the conduction band ͑valence bands͒ up ͑down͒ to the Fermi energy E F c (E F v ). For p-type doping, the number of populated valence bands v depends on the hole concentration.
In order to evaluate the integral for the polarizability and thereby get an analytic expression for ␣ 0 (q,), 8, 18 the energy dispersions of the Green's functions in Eq. ͑9͒ are approximated using ellipsoidal energy dispersions and setting the overlap integrals to unity. In this approximation the en- ergy bands are represented by the density-of-states effective masses. 8 This is a very reasonable approximation for n-type doping. However, for p-type doping one needs to include some effects from the nonparabolic behavior of the valenceband maximum. We have, therefore, used concentrationdependent density-of-states effective masses m v1 (p), m v2 (p), and m v3 ( p). These masses are chosen in such a way that the resulting Fermi energy of the hole gas E F v coincides with the Fermi energy obtained using the numerical energy dispersion from the full band-structure calculation. This way of treating the valence bands has been found to give accurate results. 8, 55 The reason for that is directly related to the occupation number and of the poles of the Green's functions. An accurate description of the Fermi energy is more important for calculating the polarizability than having the exact description of the curvature of the energy bands. However, an accurate description of the energy bands is important for calculating the self-energies via Eqs. ͑4͒-͑6͒. The calculated carrier concentration density-of-states effective masses are presented in Fig. 2 .
In wz-GaN the energy difference between the uppermost and the second uppermost valence band is E v1 0 (0)ϪE v2 0 (0) ϭ4.7 meV ͑see Fig. 1͒ , and for p-type doping the second uppermost valence band starts to be populated at about p ϭ3ϫ10 18 cm Ϫ3 . The third uppermost valence band ͓E v1 0 (0)ϪE v3 0 (0)ϭ26.9 meV͔ starts to be populated at about pϭ1ϫ10 20 cm Ϫ3 . Since the corresponding energy differences in wz-AlN are large ͓E v1 0 (0)ϪE v2 0 (0)ϭ207 meV and E v1 0 (0)ϪE v3 0 (0)ϭ219 meV͔, neither the second nor the third band will be populated for any concentration considered here. In zb-GaN and zb-AlN, the energy difference between the doubly degenerate uppermost valence bands at the ⌫ point and the third uppermost valence band is calculated to be E v1,v2 0 (0)ϪE v3 0 (0)ϭ10 and 18 meV, respectively. The onset of populating the third uppermost valence band in zbGaN is at about 1ϫ10 20 cm Ϫ3 . However, the uppermost valence band in zb-AlN is very flat ͑see Fig. 1͒ , yielding a large onset for populating the third band ͑about 4ϫ10 20 cm Ϫ3 ͒. These differences in the energy dispersions between the four crystals are reflected in the self-energies ͑see Sec. III͒.
The local-field correction is calculated according to Hubbard, 13 which mainly takes account of the exchange hole around the electron. For n-type materials the averaged localfield correction is
where ⌬k i ϭk i ϩk m is the vector between the c different equivalent minima and one chosen conduction-band minimum at k m . Analogously, for p-type materials the averaged local-field correction is
where (x) is the unit step function.
III. RESULTS

A. n-type GaN and AlN
The doping-induced energy shifts of the conductionband minimum ⌬E c1 and of the valence-band maximum ⌬E v1 in n-type materials are obtained as
The shift of the valence band does not contain an exchange contribution since the band is fully occupied by electrons ͑apart from a few empty states needed for measuring the band gap and normally induced through excitation͒, and the exchange interaction is, therefore, already contained in the intrinsic valence-band structure. In Fig. 3 , the energy shifts ⌬E c1 and ⌬E v1 as functions of the ionized donor concentration N D ϩ are presented ͑solid lines͒. The numerical error is below 1 meV. Comparison between the present RPA calculation and similar methods ͑the Hartree-Fock method, Thomas-Fermi method, etc.͒ has been discussed by, for instance, Mahan, 12 Berggren and Sernelius, 9 and Abram, Rees, and Wilson. 56 The dashed lines in Fig. 3 represent the corresponding calculation with the approximation of using spherical energy dispersions of the valence bands, described by the constant density-of-states hole masses m j (pϭ0) with jϭv1, v2, and v3. Furthermore, in this spherical approximation the overlap integrals of the valence bands are given by ⌳ v1,j Ј (0,q) ϭ␦ v1,j Ј for wz structures and ⌳ v1,v1 (0,q)ϭ͓1 ϩ3 cos 2 ()͔/4, ⌳ v1,v2 (0,q)ϭ3 sin 2 ()/4, and ⌳ v1,v3 (0,q) ϭ0 for zb structures where is the angle between q and the k x axis. The overlap integrals for the cubic crystals were derived by assuming spherical energy dispersions of the valence bands. 57 The resulting reduced band-gap energy is obtained as 
where jϭv1, v2, v3, and E c1 (k F )ϭE F c . One needs the full k dependence of the energy dispersion of the valence bands in order to calculate the Burstein-Moss shift properly. For semiconductors with indirect band gap, there are no zerophonon-induced recombinations since there are free electrons only at the conduction-band minimum. ͑The probability for vertical transitions is very small.͒ One, therefore, refers to the ''optical band gap'' as the nonvertical transitions from the Fermi energy to the thermalized hole state at the valenceband maximum. The Burstein-Moss shift is thus given by 58, 59 ⌬E BM ϭE F c ϪE c1 ͑ 0͒ ͑ indirect band gap͒. ͑15͒
In Fig. 4 , we present the reduced band gap and the energy differences which correspond to transitions to the three uppermost valence bands ͑v1, v2, and v3͒ in two symmetry directions ͑Ќ and ʈ for wz structures and ⌬ and ⌺ for zb structures͒. The inset in Fig. 4͑a͒ shows schematically the different transitions. We assume no band distortion due to the doping.
The energy of the optical transitions in wz-GaN ͓Fig. 4͑a͔͒ depends strongly on the k vector of the recombining electron-hole pair. This is a result of the valence bands having a different energy dispersion along the transverse and the longitudinal directions, which is reflected in the BursteinMoss shift, and thereby also in the optical band gap. Figure  4͑a͒ shows only transitions in the two main symmetry directions, and, thus, a recombination in an arbitrary direction can have a recombination energy between the energy for the transverse and the longitudinal directions. In Fig. 4͑a͒ , we also present the nonvertical ͑nv͒ transition to the valenceband maximum ͑dashed line͒. The circles and squares are the low-energy and the high-energy cutoff PL results of Yoshikawa et al., 14 obtained from a 1-2.5 m Si-doped GaN layer on an undoped buffer GaN layer, using metal-organic chemical vapor deposition. In Ref. 14, an estimate of ⌬E g Ͻ7 meV due to strain is reported. It has been shown 60 that using constant hole masses for describing the energy dispersion, the PL results cannot be fully explained. However, with the full band structure, we can identify the PL results of Yoshikawa et al. as different vertical transitions to the three uppermost valence bands in different directions of the k space. 
Yoshikawa et al.
14 interpreted their results as originating from the reduced band-gap and nonvertical transitions to the valence-band maximum, thus without conservation of momentum. First, our calculated reduced band gap is much smaller than the energy of the low-energy PL edge. For N D ϩ ϭ1ϫ10
19 cm Ϫ3 , the calculated shift is about twice as large as the corresponding measured low-energy edge. Second, the phonon-induced nonvertical transitions are normally much less probable than the corresponding vertical transitions in semiconductors with direct band gap. According to Fig. 4͑a͒ , both the low-energy edge and the high-energy cutoff of the PL spectra can be explained as the zero-phonon-induced recombinations.
In order to strengthen the arguments that the PL results could come from vertical transitions, we have simulated the PL spectra of Yoshikawa et al.
14 by calculating the joint density-of-states weighted by the Fermi-Dirac distribution function f FD (x) for the electrons and a chosen distribution function for the holes
Thus, f v favors a distribution of holes with wave vectors near k F in order to simulate a transition probability which favors direct transitions. By fitting the parameter ␣ to 0.008 eV we can reproduce the PL spectra fairly accurately for both N D ϩ ϭ3.8ϫ10 18 and 8.2ϫ10 18 cm Ϫ3 ͑see Fig. 5͒ . Thus, our calculations suggest that the PL spectra of Yoshikawa et al. describe zero-phonon-induced recombinations between electrons at the Fermi level and nonthermalized holes in the different valence bands. We hope this result will motivate further investigations of band-gap shifts in wz-GaN:Si.
The calculated optical band gap of zb-GaN ͓Fig. 4͑b͔͒ is not in agreement with the PL measurements of Fernandez et al. 15 of zb-GaN:Si ͓squares in Fig. 4͑b͔͒ . The differences in the optical band-gap energies between wz-GaN and wz-AlN arise from the different valence-band maxima of the two crystals. In contrast to wz-GaN, the uppermost band in wz-AlN is the crystal-field split-off band, with a band maximum more than 200 meV above the second and the third uppermost bands. One can, therefore, expect that only the uppermost band is important for low electric field transport properties in wz-AlN. However, the shift of the reduced band gap is quite comparable in the two wz crystals.
The differences in both the reduced and the optical band gap between zb-GaN and zb-AlN arise mainly from the conduction band. wz-GaN has only one minimum, whereas zbAlN has three equivalent minima that affect the band filling. Furthermore, the effective electron masses are larger in zbAlN than in zb-GaN ͑see Table I͒ . This makes the band-gap shift and the Burstein-Moss shift much smaller in zb-AlN.
B. p-type GaN and AlN
The doping-induced energy shifts of the conductionband minimum ⌬E c1 and of the valence-band maximum ⌬E v1 in p-type materials are, according to the discussion in the previous sections, given by
In Fig. 6 , the energy shifts ⌬E c1 and ⌬E v1 as functions of ionized acceptor concentration N A Ϫ are presented ͑solid lines͒. The dashed lines in Fig. 6 represent the spherical approximation of the energy dispersion and the overlap integrals. For low ionized acceptor concentrations the spherical approximation gives a fairly good description of the energy shifts. This is what could be expected, since the employed crystal parameters within the spherical approximation were chosen in order to describe the energy dispersion at the very top of the valence bands. For large hole concentrations, however, the spherical approximation of the valence bands fails to describe the true Fermi energy, and the resulting energy shifts differ from the results obtained using the numerical energy dispersions. The details in the curvatures of ⌬E c1 and ⌬E v1 , especially for the hexagonal crystals, can be explained directly from the energy dispersion of the three valence bands ͑cf. Sect. II C and Figs. 1 and 2͒. For different hole concentrations, the number of populated valence bands differs. This will have a direct consequence on the polarizability of the hole gas, and thus also affects the self-energies. Increasing the number of populated bands tends to reduce the band-gap shift. The resulting reduced band gap E g ϭE g 0 ϩ⌬E c1 Ϫ⌬E v1 and optical band gap E g opt in p-type doped GaN and AlN are shown in Fig. 7 . The optical band gap is obtained as the zero-phonon-induced recombinations, except in the case of zb-AlN where the indirect recombinations are assumed to occur between the states at k F in the valence bands to the conduction-band minimum at the X point ͑cf. Sec. III A͒. The inset in Fig. 7͑d͒ shows schematically the different transitions. There are no experimental results for the dopinginduced band-gap narrowing in p-type GaN or AlN.
The effects on the optical band gap due to the nonparabolicity can be seen in Figs. 7͑b͒ and 4͑b͒ for zb-GaN. The spherical approximation would result in the same transition energies in the ⌺ direction as in the ⌬ direction ͑v1⌺ ϭv1⌬ and v2⌺ϭv2⌬͒ since the effective mass tensor is considered to be constant ͑i.e., spherical mass͒. The full band-structure calculations yield, however, completely different results. Moreover, in the calculations of Ref. 60, spherical energy dispersion is used also for the hexagonal structures. That resulted in v1Ќϭv1 ʈ and v2Ќϭv2 ʈ , which can be compared to the corresponding results in Figs.  7͑a͒, 7͑c͒, 4͑a͒ , and 4͑c͒.
By comparing Figs. 7 and Fig. 4 , one notices that the shift of the reduced band gap is much smaller in p-type doped GaN and AlN ͑for both zb and wz structures͒ than in corresponding n-type doped materials. Moreover, from Fig.  6 , it is clear that the nonparabolicity reduces the energy shift. We have seen this effect also in p-type Si and in p-type GaAs. 23, 55 Like in the case of n-type doping, the differences in the optical band gap between GaN and AlN ͑for both zb and wz structures͒ arise mainly from the different valenceband maxima of the crystals. Since we now also have band filling of the valence bands ͑which yields a screening caused by the hole gas͒, the differences are more pronounced for p-type doping than for corresponding n-type doping.
In wz-AlN, neither the second nor the third uppermost valence band contribute to the hole-gas polarizability. Since there are no empty states in these valence bands, we do not expect optical transitions from these bands. In wz-GaN, optical recombinations between states in the conduction band states in the uppermost valence band ͑in both the ͓100͔ and the ͓001͔ directions͒ as well as in the second uppermost valence band ͑in the ͓001͔ direction͒ result in large photon energies. Thus, the nonparabolicity has a strong effect on the reduced band gap in p-type materials, and on the optical band gap in both n-and p-type materials, except in the case of wz-AlN which has a parabolic valence-band maximum.
The very flat curvature ͑i.e., the large density of states͒ of the uppermost valence band in zb-AlN results in a very low Fermi energy, and thus the optical band gap ͑here, the nonvertical transitions͒ is close to the reduced band gap. In zb-GaN, it is the uppermost valence band in the ͓110͔ direction that yields the largest shift of the optical band gap.
IV. SUMMARY AND DISCUSSION
The doping-induced energy shifts of the lowest conduction-band minimum and the uppermost valence-band maximum have been calculated for n-and p-type wz-GaN, wz-AlN, zb-GaN, and zb-AlN using the RPA with the Hubbard local-field correction. The spin-orbit interaction affects the energy dispersion of the uppermost valence bands, and we have shown that the nonparabolicity of the bands has a strong impact on the resulting self-energies. Similar results have been reported for p-type Si and GaAs, 23, 55 where better agreement between calculations and measurements was obtained with a full description of the valence bands.
With the full band-structure calculation of the reduced and the optical band-gap energies, we have identified the PL spectra of Yoshikawa et al.
14 as zero-phonon-induced recombinations of electrons in the conduction band and nonthermalized holes in the three uppermost valence bands.
In the calculations of the optical band gap, we assumed that the band curvatures, for describing the band filling, are not modified by the doping. However, it has been shown 28 that for very high-impurity concentration there will be a band tailing in GaN and AlN, mainly due to the polaron coupling. This band distortion will increase the optical band-gap energy slightly. From Ref. 28 , we can estimate this effect in n-type GaN to be less than 8 and 25 meV for N D ϩ ϭ1ϫ10 18 and 1ϫ10 19 cm Ϫ3 , respectively. Strain has an important role in the growth of the nitrides. Strain is also technologically interesting since it can suppress Auger recombinations. In the present work, we have investigated the band-gap narrowing of unstrained materials only. In the PL measurements on wz-GaN of Yoshikawa et al., 14 the affect on the band gap due to strain is estimated to be smaller than 7 meV.
The method of calculating the band-gap shifts was based on a zero-temperature formalism and the results are in a strict sense valid only for impurity concentration above the concentration for the MNM transition, which is about (1.0-1.2)ϫ10 18 cm
Ϫ3
in zb-GaN:Si and (3.3-7.1) ϫ10
18 cm Ϫ3 in zb-AlN:Si. 15 For n-type Si, a finitetemperature RPA calculation has been performed by Sernelius 61 and by Thuselt and Rösler, 62 showing that the zero-temperature calculation is a good approximation for calculations of ⌬E c1 even at finite temperatures, mainly due to compensating effects between the correlation and the exchange interactions. However, in n-type ͑p-type͒ materials ⌬E v1 (⌬E c1 ) does not depend on the exchange energy and this shift might, therefore, be more affected by the temperature. Nevertheless, it is believed that the zero-temperature calculations presented here can, with reasonable accuracy, be applied for finite temperatures for concentrations below the Mott transition where the impurities are partly or fully ionized thermally.
